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Abstract—The paper presents a method to deal with an inclined crack in an elastic strip. No assumptions of
symmetry are made. The method involves the solutions for a cracked plane and an uncracked strip and results
in two coupled singular integral equations with finite interval of integration. A crack in a half-plane arises as a
limiting case. For internal cracks the integral equations are of a standard type and do not present any
numerical difficulties. Results are presented for loads according to the technical beam theory.

1. INTRODUCTION

In recent years stress intensity factors have been determined for a large number of geometries,
and many problems relating to cracks in a strip or a half-plane have been treated. A number of
these are mentioned below. Some of these problems however have been unnecessarily restricted to
symmetrical geometry and loading.

A variety of methods are available. The Wiener~Hopf Technique has been applied in [1, 2] to
solve a problem involving edge cracks at right angles to the boundary. The symmetrical problem
of an internal transverse crack in a strip was formulated in terms of a dual integral equation and
solved in [3]. Later this solution was extended to a cracked strip between two half-planes[4, 5].
The problem of a single edge crack in a strip was recently treated by the same technique in [6].
Most of these problems and several others have also been solved by means of singular integral
equations{7-11]. A different formulation also using singular integral equations has been given in
{12]. Finally mention must be made of series and collocation techniques described in [13-16].

The purpose of this paper is to treat an oblique crack in an elastic strip under arbitrary loading.
The equivalent problem for a cracked half-plane arises as a limiting case. Two coupled singular
integral equations with a finite interval of integration are obtained by use of Fourier transforms.
These equations remain valid for an edge crack. The numerical solution follows the quadrature
method given in [17, 18]. An estimate of the order of magnitude of the errors in the stress
intensity factors is attempted by evaluation of the expansion coefficients of the interpolation
polynomials as described in [19].

2. GENERAL FORMULAS

The problem under consideration is illustrated in Fig. 1. Tt consists of an elastic strip of width

H containing a linear crack. The crack’s inclination with the y-axis is designated o

(-m/2 < w < 7/2). In this section the calculations are performed for an internal crack in a strip of

finite width. As limiting cases we can obtain solutions for an edge crack and a crack in a

half-plane. Details concerning these cases may be found in [20]. The calculations make use of two

rectangular coordinate systems, {x, y} and {n, s}. The connection between these systems is given
693
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Fig. 1. Coordinate systems and geometrical parameters.

by the orthogonal transformation formula.

{n}= {cpsw —sin w}{x} @1
s sinw  coswfly

In the {n, s} system the crack extends from (0, a) to (0, b). The strip is defined in the {x, y} system
by 0=sy=<H.

2.1 The stress functions

The strip boundaries are stress free, while normal and shear stresses are prescribed on the
crack surfaces. The analysis is limited to the case where the opposite crack surfaces have equal
but opposite stress vectors. By simple superposition we can then obtain solutions for the cracked
strip with any kind of loading which does not include nonequilibrated loading on the crack
provided we can find the corresponding solution for the uncracked strip. Using the {n, s} system
on the crack surface and the {x, y} system on the strip boundaries we have

G0+, 5) =0 (0—,8)=p(s) a<s<b
Ons (04, 5) = 00 (0—, 8)=q(s) a<s<b (2.2a,b)

UyY(x’0)=Uyy(x, H)=0 -0 < X < 00
UX)’(x,O):gxy(x,H):O - x <w (2.3a’b)

The stresses will be described by a stress function ® defined by

P R __
S T " onds

24a-c)

Similar relations hold in the {x, y} system. The stress function @ is constructed from two parts
®'(n, ) and ®*(x, y).

& =0'(n, s)+D*(x, y) 2.5

This is a generalization of the technique used in [3] for the determination of stresses in a strip
with a symmetrically loaded transverse central crack.
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&'(n, 5) is the stress function for the full plane with a crack from (0, a) to (0, b) loaded as
described by (2.2). Use of complex Fourier transforms immediately yields[21]

51; J’_w [Ci(n) + n|n|CaAn)] ere™dn, n>0
q)l(n, s) = .
51; f_ [Cs(n) + n|n|Cdn)le™ e dn, n<0 2.6)

In (2.6) use has not yet been made of the fact that the stress vectors on the surfaces n =0+ and
n =0— are of equal magnitude. This is conveniently expressed by

&'(0+, 5) = d'(0—, 5)
AP -9 &0
n CI>(0+,s)—an (0, 5) (2.7a,b)

By substituting (2.6) in (2.7) we see that ®'(n,s) is described by two unknown functions.
Renaming these Bi(n) and B:(n) we get

®'(n, 5) = % J'_ ) [Bi(n)+ |n||n|Bi(n) + |n|nBa(n)] e e dy 2.8)

In general B,(n) and B,(n) are complex functions assuming values different from zero in infinite
intervals. This is inconvenient for numerical calculations and we obtain unknown functions of
finite support in the following way. Using the Lamé constants A and u Hooke’s law for plane
strain is

u v
O =(A +2M)5;l—+/\£

u av
Oss —)tan +(A+2u) 7

ou dv
G = (as+ ) (2.9a~c)

u and v are the displacements in the {n, s} system. By suitable elimination in (2.9) we obtain

8

13s [v(0+ §)- v(O-—,s)]— 2(I>(0+ §)— _5¢(0— 5)

3 3
B2 @+, 5) - w0, )=~y @04 )42y 0 0-,s)  (2.10a,b)

where « for plane strain is defined by Poisson’s ratio » as 3—4». The usual modification of A for
plane stress leads to x = (3-v)/(1+ v). We now define the functions f(s) and g(s) by

2p 9

f&) =1 k+19s

[0+, s)— u(0-, 5)]
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mlm

g(s)=K u(0+ §)—v(0—, 5)] (2.11a, b)

As the crack extends from a to b we obviously have
f(s)=g(s)=0 for s<a or b<s (2.12)
Substitution of (2.11) and (2.8) in (2.10) and use of the inverse Fourier transform lead to
b
Al =i [ foemar

7°Ban) = —f g(t)e™dt (2.13a, b)

We denote stresses corresponding to ®'(n, s) by index 1. These are found by differentiation of
(2.8) followed by substitution of (2.13). The integration with respect to 7 is carried out by use of
the sine and cosine transform formulas listed in Appendix A.

201 At - 5) —(t-
T, )= 3= ,,{[ni+(t )+(t_s)[ +(t- s)’] ]f(”
+n—T——1" —(t—s) g(t)}dt
[n*+(t —5)]
. _e 1ty (t -
obin ) =48 =1 [ - 9 BT
2n n’—(t—s)
*[n2+(t—s)2 T (= s)]]g(‘)}d‘
. _ 9% 1 —(t—s)
ohin )= -2 L[, s g
g =) _
(t s)[n2+(t )}zg(t)} 2.14a-c)

The stress function ®*(x, y) is the solution for the uncracked strip with boundary loading. Use
of the complex Fourier transform yields

V) =5 [ TA@O+HALO1E® +ADO+HADIS e dE 219)

The task now is to determine the four arbitrary functions A;(£) in terms of f(¢) and g(t) by means
of the strip boundary conditions (2.3).

2.2 The strip boundary conditions
The boundary conditions on the strip amount to the requirement that the resultant normal and
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shear stresses on the boundaries y =0 and y = H must vanish. We introduce the notation
a=¢08w, .PB=sinw (2.16)

and obtain from (2.3), (2.5) and (2.1)

3*d* , %! , 30! FR Y
axr * T’ tB as® +2“Banas’
3°d'
anas’

252 251 241
00 =a3<" LA y=0H (2,174, b)

2 2
—axay W_W)+(a -
The right-hand sides are expressed in terms of f(¢), g(t) and the coordinates (n, s — t) by (2.14).
To obtain equations for the unknown functions A, i = 1,...,4, it is necessary to apply a complex
Fourier transform: with respect to the variable x. In order to do that we make the following
observation. The vector QP in Fig. 1 has the coordinates (r, s — t) in the {n, s} system. According
to (2.1) its coordinates (X, Y) in the {x, y} system will then satisfy

{s : t}= {E _f }{if(} (2.18)

In terms of the coordinates (x, y) to the point P this amounts to
X=x—-pt Y=y—at (2.19q, b)

We now substitute X and Y in (2.14), and the stress functions from (2.14) and (2.15) are inserted
in (2.17). Because of (2.19), a Fourier transform using ¢ is easily altered to a Fourier transform
using e'**. The calculation of the transforms of the right-hand sides of (2.17) is quite extensive and
will be omitted here. Use is made of the complex Fourier transforms listed in Appendix A. The
result may be written in the form

Ai(€) + As(f) = Gi(§)
Al§) - Ax(§) - A§) - Ad$) = GA¢)
Af)e™®+  EHAAD ™ +A(E) e+  EHALD T =Gi(§)
Ai(§) e~ (1- EH)ALE) % — As(§) e — (1 + EH)AL(§) €' = Gul§)

(2.20a-d)

The functions Gi(£), i =1,..., 4 do not enter directly into the solution but only through the
following combinations

H(§) = G(&) + G(§)
Ha§) = Gi(§) - GoA§)

Hs(€) = Gs(§) + Gu(§)
Hy(€) = G:(§) — G«(§) (2:21a-d)

The functions H;(¢), i =1,..., 4 are listed in Appendix B. By means of these functions the

1ISS Vol. 11, No. 6—C
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solution to (2.20) can be expressed in terms of f(t) and g(¢).

2A4(£) = Ax) + Ad§) + HilE)
2A5(8) = — Ax§) - AdE) + Ha(€) (2.22a,b)

Ax§) = {2¢H[Hy(§) ~ ™' Ha(§)]
+(e — e M [e™ Ha§) ~ H(EM(e™ — e ) - 4£°H7)
Ad€)={2£H[HA$) - ¢ " HA(£)]
+ (e —e e TH(E) - Hy(EMI(e™ ~ &) ~ 4£°H) (2.234,b)
2.3 Stress Influence Functions
Influence functions for the stresses connected with the stress function ®'(n, 5) were given in

{2.14). The following stress combinations are conveniently used in the evaluation of stresses
corresponding to ®*(x, y).

[0%x, ) + o2y(x, y)I/2 = [—23’;—2‘9;] /z

-3 [ @ e - A e e ag

[0 ¥)— oz V)2 = [‘gdf 2“’2] /2

= 2—17;: f_ : {LANE)— Ax(E)+ EyAx(E)) e®

+[AAE) + ALE) + EyALE) e)¢ e dg

3°d?
dxay

Giy'(x, yi=—
= f; f {-[Al®) — Aa&) + EyALE)l €™
+[AME) + AdE) + EyALE)) e®YEP e d¢ (2.24a-c)

The interval of integration in (2.24) is divided at £ = 0 and the negative values of £ are exchanged
with —£ Use of (2.23) and Appendix B then enables us to express the stress combinations (2.24)
as integrals of real functions muitiplied by f(t) and g(f). We introduce the stress influence
functions Si(x, y, 1), i =1,2,3, j = 1,2, by the relations

(o35 1)+ 3 2= [ [Sulo, 3, DI+ Suls v DD de

(020, 9) = 03 M2 = [ 1S, 3, D) + S, D0 At
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1 b
ohx, y)= ;j [Sai(x, y, £)f () + S, y, t)g ()] dt (2.25a-¢)
We define h = H/cos w, and all six functions S;(x, v, ¢) can now be given in the symmetric form

Su(x,y,H)= f [My(x, y, 1, €)— My(Bh—x, ah-y, h—t, £)] d€
i=123 j=12 (2.26)

It is seen from Fig. 1 that this form implies a certain point symmetry with respect to the point
(0, k/2) in the {n, s} system. The functions My(x, y, t, £) are listed in Appendix C.

2.4 The integral equations
Only the homogeneous part of the boundary conditions (2.2) has been used. The
inhomogeneous part consists of prescribed stresses on the crack surface

(0, 5) = a0, 5)+ 020, 5) = p(s), a<s<b
050,5) =000, 5)+ 20, 5)=q(s), a<s<b (2.27a,b)

From the influence functions (2.14) we obtain
b
40, 5) =lf 19 4
mlat—S§
) _1 g
oh,5)=7 [ £8a (2.284, b)

where the integrals are defined by their Cauchy principal values. o%+(0, 5) and o-%,(0, s) are found
by transforming the stresses given by (2.25) to the {n, s} system. The boundary conditions (2.33)
then take the form of two singular integral equations of the first kind.

[ B at+ [ kuts nperde+ [ Kats, 0008t = mp(s)
a<s<b

b (t) b b
I tg_ P dt +f Koa(s, 1)f(t) dt +I Kao(s, )g(t) dt = mq(s)
a<s<b (2.29a, b)
Here we have defined
Ky(s, t) = S1;(Bs, as, t) + S3(Bs, as, t) cos 2w)
- S;;(Bs, as, t) sin (2(0)

Ka(s, t) = S(Bs, as, t) sin Qo) + S5(Bs, as, t) cos Qw)
i=12 (2.30q, b)
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To retain the continuity of the material outside the crack we must impose the two conditions
b
f f(t)dt =0
b
f g(t)ydt =0 (2.31a, b)

For 0<a <b <h the kernels Kj;(s, t) are continuous bounded functions and f(¢) and g(¢)
have the fundamental function w(t) = (b —t)""*(t — a)™" It is noted that the equations (2.29)
are uncoupled for @ =0.

The formulation presented here allows the determination of the stresses at any point of the
cracked strip once f(¢) and g(t) have been determined. This is done by evaluating o 1., o3, and
osby (2.14)and g%, o3, and o3, by (2.25). The total stresses at the point are obtained by expressing
all components in one coordinate system. It is easily realized that an extensive survey of the
stresses is a considerable numerical task because the influence functions S;(x, v, t) must be
reevaluated by numerical integration for each new point (x, y).

3. NUMERICAL METHOD

In the case of internal cracks the only singularities of the kernels are of Cauchy type. For this
type of integral equations a quadrature method has been established[17]. First the intervals of
integration are normalized by introduction of the new variables r and ¢{,

t=1(b-a)2+(b+a)?
s={{b-a)2+ (b +a)2 3.1a, b)

In the new formulation we use kernels defined by
b—a
k{4, 1) = 5 Ki(s, t) (3.2)

and the unknown functions are

(1) =F(r)(1-7% "= f(1)
P(r)=G(r)1-)""=g(t) (3.3a,b)

(2.29) and (2.31) then become
[[28a+ [ ks [ kanvmdr=m©

[0+ [ kot [ kg udr = ma@)
~-1< <1 (3.4a,b)

f_‘l ¢(r)dr =0
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f g(rydr =0 (3.5a,b)

In (3.4) p(¢) and q(¢) are determined from the original definition by (3.1b).

The quadrature method is based on two essential assumptions. It is assumed that F(7) and
G(7) can be approximated by polynomials of finite degree n — 1. Furthermore it is assumed that
the four functions ki(f, 7)F(1), ka(Z, TF(7), kix({, )G (1) and koL, )G(1) considered as
functions of + may be approximated by polynomials of degree 2n —1[17-19). Under these
assumptions we obtain the following system of linear equations for the determination of F(r)
and G(7).

DIEE

. ]F(ﬂ)JrE ksl 7)G (1) = np(£)

3 bty )+ 3 [t g 1) |G = na @) (364, b)
Z} F(r)=0
2 G(r)=0 (3.7a,b)

where we have defined
_ 2j—-1 :_
—cos[ I 'n'], ji=1L2,...,n
gi=cos[nin], i=1,2,...,n~1 (384, b)

The kernels ki (4, ) are evaluated by numerical integration using Filon’s formula. In order to
check the convergence of the method it is convenient to express the solutions in terms of
Chebyshev polynomials of the first kind

F(1)=cof2+ :2 &Tie(7)
G(ry=do/2 + ;5;: & T(7) (3.9a,b)
As proved in [19] the coeffilcients are determined by
6 =23 co [j_lk*rr]F(T,-), k=0,1,...,n~1 (3.10)
n = 2n

and the similar formula for d..
The quantities of main importance are the stress intensity factors. We define them by

ki(b)= hm Vs — b)ow (s, 0)
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ka(b) = —sl_i.r!p+ V2(s — b) 0w (5,0) (3.11a,b)

and the similar formulas for s = a. The minus sign in (3.11b) is introduced because the crack is
along the second axis in the {n, s} system. The stress intensity factors are proportional to the
values of F(7) and G(7) at the corresponding endpoints.

k(a)=FEDV(b-a)2, kAa)=-GV(b-a)l2

kib)=-F)V(b - a)2, kib)=G(-1)V(b-a)2 (3.12a, b)

The value F(1) may be determined directly as

. [2n-1 ..
sm[M @] nﬂ

1 n
F(1)=— ' —
n Z‘l sin [2] 1 17]
4n

F(r) (3.13)

F(-1), G(1) and G(-1) are determined from similar formulas[19}.

4. NUMERICAL RESULTS
The numerical results are given for three load situations. These are chosen as the loads arising
from tension, bending and shear according to technical beam theory. In the {x, y} system the
stresses in the uncracked strip are:

Tension;
Ox = 0my Oy =0, 0:y=0 4.1a-c)
Bending;
Oxx = om(1=2y/H), 0y, =0, 0y =0 (4.2a-c)
Shear;
0 =0, 04, =0, o =4om(y/H-1)y/H 4.3a-c)

p(s) and g(s) are found from (4.1-4.3) by transforming the stresses to the {n, s} system and
changing the sign. Again we use h = H /cos w.
Tension:
p(s)= —a’om, q(s)= - aBon (4.4a,b)
Bending;

p(s)=a’om2s/h 1), q(s)=aBom(2s/h-1) 4.5a,b)
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Shear;

p(s) =8aBom(s/h—1)s/h
q(s)= —4(a”~ B)om(s/h — Ds/h 4.6a,b)

The stress intensity factors are normalized with respect to the maximum stress o and a length
parameter

I=(b-a)2 @D

The crack size is characterized by the dimensionless parameter
A=(b-a)H (4.8)
First a central crack with w = 0 is considered (Table 1}. An estimate of the relative error is
given in the last column. It has been obtained by means of Chebyshev series expansions and is of
empirical nature [19]. The same problem has been considered in [3], [13] and {14] for pure tension

(Table 2). There is good agreement and it is seen that for moderate values of A high accuracy is
obtained by use of the empirical formula in the last column. Tables 3 and 4 contain the same

Table 1. Stress intensity factors at a for a central crack, w =0

w=0 Tt_ansmn Bt_:nding S-hear Relative
A klo. VT kdo.VT  kfo. VI ermor

01 1-0060 0-05000 1-0017 107
02 1-0246 0-10007 1-0071 10
03 1-0577 0-15051 1-0175 10
04 1-1094 0-20225 1-0353 10
05 1-1867 0-25724 1-0648 1
0-6 1-3033 0-31965 1-1148 2.10™
07 1-4884 0-39864 1:2041 2.10™
0-8 1-8169 0-51851 1-3801 2.10™
09 2-585 07777 1-835 5.107
095 4252 1114 2382 107

Table 2. Stress intensity factors for a central crack in a
strip in tension, & =0

w=0  Ref [14] Ref. [3]
A klon V1l kie.V1  (1/Veos Arf2)

01 1-0060 1-007 1-0062
02 1-0246 1026 1-0254
03 1-0577 1-059 1-0594
04 1-10%4 114 11118
0-5 1-1867 1-194 1-1892
0-6 1:3033 1-309 1-3043
07 1-4882 1-500 1-4841
0-8 1-8160 1-826 1-798¢

0-9 2:58 2:580 2:5283
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information for @ = 7/6 and @ = #/3. For small values of A the stress intensity factors may be
estimated by use of Table 1 and simple transform of the crack surface loading. For the case of
tension we can obtain the stress intensity factors from curves given in [10] for A =1/3. For
@ = 7/6 we get

ki=0806 0, VI, ko= —0-440 0:n V1
and for v = 7/3

ki=0276 0 V1, ko= —0-4553.VI

A certain difference from the values in Tables 3 and 4 is noted. Both here and in the previous case
this method is believed to yield superior accuracy due to the efficient numerical treatment of the

Table 3. Stress intensity factors at a for a central crack, w = 7/6

w=7/6 Tension Bending Shear
A blo Vi ko Vl klonV kle. VI klo. VI klon Vi

01 67557 —(-4338 00325 ~0-0187 08713 6-5025
02 0-7729 -0-4364 0-0650 -0-0375 0-8876 0-50%9
03 0-8023 -0-4412 0-0978 ~0-0563 09160 0-5223
04 0-8452 —0-4488 o313 ~0-0753 0-9589 0-5396
05 0-9039 -0-4607 0-1665 ~0-0948 1-0200 0-5622

0-6 0-9827 -0-4787 0-2053 ~0-1154 1-1057 0-5909
a7 1-0898 ~0-5066 02507 -0-1384 12274 0-6278
08 1-2417 —0-5510 0-3082 -0-1661 1-4063 0-6782
09 1-4765 -0-6285 0-3907 ~0-2047 1-6915 0-7541

Table 4. Stress intensity factors at a for a central crack, w = n/3

w=x/3 Tension Bending Shear
A kie.Vl  kle.VI  kie.VI  kio.VI  kic.V1  kilg, Vi

01 02527 -0-4352 0-00625 -(-01083 0-8746 -0-5017
02 0-2605 -0-4416 0-01251 -0-02166 0-5000 —0-5067
03 02732 —0-4518 0-01882 -0-03254 0-9414 —-0-5149
0-4 0-2900 ~0-4654 0-02526 -(+04354 09975 -0-5263
0-5 0-3105 ~0-4817 0-03197 ~0-05479 1-0671 —0-5408
0-6 0-3341 —0-5002 0-03906 ~{-06642 1-1454 -0-5584

0-7 0-3606 -0-5209 0-04669 -0-07861 1-2440 -0-5795
0-8 0-3900 -0-5435 0-05501 -(-09154 1-3515 ~0-6046
09 0-4225 —0-5684 0-06415 -0-10540 1-4733 —-0-6342

Table 5. Stress intensity factors at a for an eccentric
crack, 0 =0,e =02

w=0 Tension Bending Shear
A kioa Vi ke V1 kloa.Vi

0-1 1-0079 0-2516 0-9420
02 1-0340 0-3071 0-9292
03 1-0856 0-3687 0-9240
0-4 1-1743 0-4410 0-9313
05 1:3264 05351 0-9609
0-6 1-6096 0-6800 1-0363

0-7 22917 0-9935 1-2422
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Table 6. Stress intensity factors at 4 for an eccentric crack, w = /6, € =02

w=7l6 Tension bending Shear
A k!;a‘m\‘f‘ kzlo"mvfl k]/(fm\"rf k;!a',,,\fl k,}a,,,\/i sza',.,\/i

01 0-7569 —0-4344 0-1839 ~(-1056 0-8228 0-4739
02 0-7785 -0-4397 0-2208 ~-0-1254 0-8289 0-4726

02 0-8171 -0-4509 0-2619 -0-1465 0-8534 0-4751
04 0-8768 —0-4709 0-3091 -0-1696 0-9019 0-4806
0-5 0-9656 -0-5047 0-3665 ~0-1965 0-9836 0-4875
06 1-1006 -0-5619 0-4426 ~0-231t 1-1167 0-4942
07 1-3255 —0-6657 0-5577 -(-2830 1:3440 0-4977

Table 7. Stress intensity factors at ¢ for an eccentric crack, w = 7/3, e =02

w=x3 Tension Bending Shear
A kioaVl  kionV1  kic, V1 kfe,V1  klenVi  kile,Vi

01 0-2528 ~0-4356 0-0568 ~0-0979 0-8321 =0-4771
02 0-2605 -0-4436 0-0647 -0-1104 0-8508 -0-47%6
03 0-2721 —0-4569 0-0734 ~0-1239 0-8860 —0-4889
0-4 0-2866 -0-4752 0-0832 ~0-1386 0-9360 -0-5055
0-5 0-3039 -0-4979 0-0941 ~0-1545 0-9996 -0-529%
06 0-3239 —0-5245 0-1063 ~0-1718 1-0765 -0-5614
07 0-3471 —0-5554 0-1201 -0-190% 1-1674 —0-6016

ngularities. Tables 5 and 7 contain similar results for eccentric cracks. The eccentricity is

characterized by the parameter

e=1~(b+a)h 4.9

Further results have been given in [20].
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APPENDIX A

The transform formulas used are listed in pairs where the first is a simple sine or cosine
transform and the second is the corresponding inverse complex Fourier transform.

,L i e cos (X¢) dg = Yi%,—z

1 (" Y

-; - W e“x dX = sgn (Y) C_lfy' (Al)
- —£lY! o2 X

_L e sin (X¢) d¢ = X1 v?

l —)?X—Yge X dX =i sgn (&) e (A2)

f T EY M cos (XE) dé = — Y[TX;—E%#

1 . e
f We"‘dx— —|g]Y e (A3)

[ evie e sinxe o - o

1~ 2XY? S

- N Wc“xdx= lf'Yl € lexl (A4)
= 2

[[a-avpeicos xp g =21,

717 [?z%y”f]’e‘“ dX = sgn (Y)(1-|¢|YDe™ (AS)

[[a-evpeeisinxpa- X[—X’%—J%?

1 - 5.4 . ey
f X [X5+ Y’]iee dX =i sgn (£)(1-]g|Y]) e (A.6)
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APPENDIX B

The function Hi(¢), i =1,...,4 from (2.21-23). Note that ¢ is a positive variable in all
expressions in this appendix. h is defined as H/a.

EH(§) = Lb f(r)e'®e e dt + if:g(t)e’“’““""e'“" dt
EH(-§) = Lb FO[-e "B £ 2agt e PF T e™ dt
~i f gD P + 2t e PE e gt ®.1)
£ H(¢) = f: FO[—e'®= 1 2att '™ e dt
+i L ’ gD’ P + 2att FF e dt

b b
EHA-§) = f f()ye " BET e dt — i j gt)e P e gt (B.2)

£H(6) = f b FOIE'® ™ = 2af(h — t) e B+ 7" dt
+i j " (e + 2ag(h - 1) €5 ¢ gy
£H(-§)= - f "ty eieae g0 gp j " gty e gecrmn gy (B3)
EHy(&) = ~ f: f(t) BT g7 gt 4 if g(t) €5+ g0 gy
£HA-§) = f fOle™ P8~ 2 (h — 1) e E ) e ¢t
i f " g€ 4 208 (h — 1) €75 0D gy (B.4)

APPENDIX C
The functions M;(x, y, t, £) from (2.26).

Mu(x, 3, 8, €)=
{[€** — 1) cos (£(Bt — x) + w) — (26H +2até (€ — 1) cos (£(Bt — x) — @) &* ">
~[2£H cos (£(Bt — x) + w) — (1 — e + 4atHE) cos (£(Bt — x) — w)]
e[ - e~ — 4¢2H? (C.1)

Mlz(x! ¥, ta 6) =
{[(e*"~ 1) sin (£(Bt — x) + w) + (2£H + 2at£ (€™ - 1)) sin (£(Bt — x) — w)] e~ ¢+
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—[2¢H sin (£(Bt — x) + ) + (1 — e ¥+ datHE?) sin (£(Bt — x) — w)]
e—é(ac—y)}/[(eﬂ{_ e—eﬂ)z - 4§2H2}

Ma(x, y, 8, €)=
HIE™*™ ~ 1) cos (£(Bt — x) + w) — 2H + 2até (e — 1)) cos (£(Bt — x) — )]
. [1 + 2§(H — y) +e—'26(ﬂ—y)] e—-f(az—&y)
—[2¢H cos (£(Bt — x)+ ©) — (1 — e >+ datHE?) cos (£(Bt — x) — w)]
H[1=26(H = y) +e*F 7 e Y[ —e ™) - 4£°H"]

Maz(x, y, 8, &) =
HIEH — 1y sin (£(Bt — x) + ) + QEH + 2até (@ — 1)) sin (£(Bt — x) — )]
[1 +2§(H — y) +e—2€(H~y)} e—f(oxt+y)
—[2¢H sin (¢(Bt — x) + )+ (1 — > + 4atHE?) sin (£(Bt — x) — w)]
[1-26(H - ) +X¥F e Y[ - ™)’ - 4°H]

Mii(x, 3, 1, &) =
HI(€*™ — 1) sin (£(Bt — x) + w) — 2¢H +2atE (e — 1)) sin (£(Bt — x) — 0)]
R [1 + zg(H — y) _ e—2€(H~y)] e—f(at+y)
+[2£H sin (¢(Bt — x) + w) — (1 —e ¥+ 4atHE®) sin (£(Bt - x) — w)]
[1-26(H - ) = @)« [(e™ ~ ) — 4¢°H]

MaaAx, y, 8, &) =
—~H[(€* — 1) cos (£(Bt — x) + @) + (2EH + 2at (e - 1)) cos (£(Bt — x) — w)]
[1+2¢6(H - y)—e @ 78
+[2¢H cos (£(Bt — x)+ )+ (1 — e +4atHE) cos (£(Bt — x) — w)]
[1=28(H - y) - *F 7 e Y[ - e Y - 4£°H7]

(C.2)

3

(C4)

€.5)

(C.6



